Abstract: We study logarithmic conformal field theory (LogCFT) in four dimensions using conformal bootstrap techniques in the large spin limit. We focus on the constraints imposed by conformal symmetry on the four point function of certain logarithmic scalar operators and compute the leading correction to the anomalous dimension of double trace operators in the large spin limit. There exist certain holographic duals to such LogCFTs, which involve higher derivative equations of motion. The anomalous dimension is related to the binding energy of a state where two scalars rotate around each other with a large angular momentum. We compute this energy shift and compare it to the anomalous dimension of the large spin double trace operators due to stress tensor exchange in the LogCFT. Our result shows that the cluster decomposition principle is satisfied for LogCFTs as long as the dimensions of the operators are positive.
Introduction
Conformal field theories (CFTs) are quite essential in different branches of physics -particularly in statistical mechanics, condensed matter theory and string theories. They also play an important role in our present day understanding of quantum field theories. Quantum field theories can be thought of as conformal field theories deformed by some relevant perturbations. In that sense CFTs are very special points in the space of all quantum field theories. CFTs appear in physical systems when there is no characteristic length scale. Therefore the correlation functions can only have power laws. It was pointed out in the early 90's [1] [2] [3] that the structure of general CFTs allows the presence of multiplicative logarithms in correlation functions even at an RG fixed point. Such theories are called logarithmic conformal field theories (LogCFTs). Since CFTs come with no length/mass scale, one may wonder how there can be logarithms in their correlation functions. The answer lies on non-diagonalizable action of some operators of the type of a Hamiltonian. Let's see via an illustrative toy example how logarithms can appear in a CFT. Suppose the dilatation operator L 0 ∼ x ∂ ∂x acts non-diagonally on a two component scalar G, From representation theory perspective these are irreducible but indecomposable representation of conformal group. This implies that the transformation of a two component scalar of dimension ∆ involves a logarithm in the correlation function. In general there can be logarithmic multiplets of rank r ≥ 1 which can be built by acting on r primary states |O i for i = 1, · · · r obeying the highest-weight condition, 6) where K µ is the generator for the special conformal transformation. Hence a LogCFT consists of r-primaries and all their descendants. However, LogCFTs are less constrained than unitary rational CFTs. Therefore exploring properties of LogCFTs directly by generalising notions from ordinary CFTs are not very useful. In [4] Cardy took a complementary approach considering LogCFTs as limits of ordinary, non-logarithmic CFTs, whose physical interpretation is already well understood, as a parameter is taken to a particular value. In this way the properties of the corresponding LogCFTs can be derived and we are able to understand exactly where the logarithms should appear in the physical observables. While that approach was quite general, it was illustrated with several examples of physical interest, including quenched random magnets, self-avoiding walks, and percolation which makes it evident that LogCFTs are not merely mathematical artifact. One of the earliest physical systems LogCFTs made its appearance was in the context of polymers and percolation [2, 5] . A bunch of works has been done in other statistical mechanical systems e.g. 2D turbulence [6] [7] [8] , and the abelian sand-pile model [9] [10] [11] . There are also applications in quantum condensed matter systems like disordered [12, 13] and the quantum Hall systems [14] [15] [16] [17] . LogCFTs have also been studied in the context of worldsheet string theory [18] [19] [20] [21] [22] [23] and AdS/CFT correspondence [24] [25] [26] [27] [28] . Recently Witten [29] found the necessity for LogCFTs in a first principle string theory derivation of entanglement entropy. Although the existence and appearance of LogCFTs in many physical systems are known for a long time, very little has been explored particularly in higher dimensions (see e.g. [30] ). In higher dimensional CFTs conformal bootstrap has been used very successfully to study the spectrum, chaos, etc. The idea of conformal bootstrap is to constrain a theory by exploiting the underlying conformal symmetry. The four point function of a CFT can be studied by imposing crossing symmetry and this leads to non-trivial constraint on the spectrum of the theory. The study of conformal bootstrap was initiated in [31] [32] [33] [34] which is revived in its modern incarnation in [35] and subsequently studied in [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] . For numerical bootstrap unitarity (i.e. positivity of OPE coefficients) plays an important role. Thus within known numerical techniques it's not easy to implement conformal bootstrap to LogCFTs. On the other hand there are analytical methods namely large spin bootstrap [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] and PolyakovMellin bootstrap [60] [61] [62] [63] [64] where one doesn't necessarily require unitarity. This note is our first step toward exploring the plethora of interesting LogCFTs which appear in different branches of physics as mentioned above, using analytic bootstrap. We will also see that the constraints imposed by crossing symmetry on the four point correlator dictate the spectrum of the large spin sector of LogCFT. This is an universal sector and any particular LogCFT should contain this at leading order in large spin. In this sense our computation can be considered as a natural starting point to explore any LogCFT. In this article we use the conformal bootstrap techniques in the large spin limit to compute the anomalous dimension of logarithmic operators for a particular type of LogCFT. We also compute it (strictly speaking, for a special case) from effective dual gravitational description where anomalous dimension of the double-trace operators is identified with the binding energy of two rapidly rotating particles inside AdS [48] . By doing so we show that cluster decomposition principle holds true even for non-unitary LogCFTs as long as the scaling dimensions are positive.
The paper is organised as follows. In section 2 we introduce the concept of Logarithmic Generalised Free Field (LGFF) theory and perform the meanfield analysis for rank-2 logarithmic scalar correlators. Section 3 describes how to compute the leading correction to the anomalous dimension of rank-3 even spin double trace logarithmic operators appearing in the spectrum. In section 4 we independently compute the anomalous dimension from a dual bulk effective theory. We conclude with some forward-looking remarks about the possible future directions in section 5. Appendices contain some details of the computation.
Logarithmic generalized free fields
In this section we consider a particular four dimensional LogCFT (following [30] and the references therein) : the logarithmic counterpart of the well-known generalized free fields (GFF). In particular, this is a theory of a rank-two scalar multiplet φ i (i = 1, 2) of dimension ∆ φ with the following two-point function,
The operator content of the φ i × φ j OPE consists of the unit operator 1 as well as a tower of "double-trace" primaries O (n, ) ij . For even and fixed n there are three different double-trace operators, whereas for odd there is only one which form a rank-3 and rank-1 multiplet respectively. For the simplest case with n = 0 scalar this logarithmic triplet is defined by the following operators,
where : : denotes normal ordering. Now we would like to bootstrap the four point correlator of four identical scalar rank-2 logarithmic operators . Let us begin with a brief review of how the bootstrap equation can be used to reproduce the results from the mean field theory correlator in the usual (or non logarithmic) CFT. Consider a four-point correlator of four identical scalar operators φ of dimension ∆ φ . This correlator has a conformal block decomposition is s and t channel.
3) where x ij = x i − x j and the conformal cross ratios are defined as,
We will interchangeably use u, v or z,z. Here ∆, , c ∆, , are the dimension, spin and OPE coefficients of the operators getting exchanged in the intermediate channel and G ∆, (u, v) are the conformal blocks,
with,
The equality of the first and the third line of (2.3) reads,
In mean field theory the intermediate operators consist of the identity and the double-trace operators O n, having dimension ∆ = 2∆ φ + 2n + . Now let us focus on (2.7) in the limit u ∼ 0. The conformal blocks G ∆, (v, u) can be schematically expanded around u ∼ 0 as follows,
Note that the lhs of (2.7) has a power law singularity as u −∆ φ whereas each term on the rhs has a log u singularity. Hence the power law singularity can not be reproduced by summing over a finite number of terms on the rhs. It can be shown [46, 47] that by summing over large spin 1 operators in the rhs we can reproduce the lhs of (2.7). This indicates why the large spin operators are important to reproduce the mean field theory of an ordinary CFT. Now we will discuss the importance of large spin operators in the context of LogCFT following the same steps as above. We consider the four-point function of a rank two scalar operator φ i 1 . It was shown in [30] that the four point function
is given by five different functions
Each of these functions can be decomposed into conformal blocks which results in five bootstrap equations for F α (u, v) . Let us focus on the bootstrap equation for F 2 (u, v),
In this case the exchange operators in each channel are rank-r operator (r = 3 for even spin and r = 1 for odd spin) O p of spin having the three-point function φ i φ j O p characterized by the following OPE coefficients λ ijp ,
The conformal block decomposition for F 2 (u, v) is given by summing over even and odd spin rank-r operators O p with dimension ∆ and spin ,
where,
and the G ∆, 's are defined in (2.18). For identical scalars the odd spin contribution vanishes because of the following identity (see [65] [66] [67] ),
The four point function in the mean field theory can be computed using Wick's theorem and is given by [30] ,
In this case the operators O n, have known OPE coefficient q n,
. The s-channel decomposition of the correlator is given by,
For simplicity we will focus on the double trace operators O 0, with n = 0. The bootstrap equation (2.9) is in general quite complicated to solve and we will see that it simplifies in the limit v u 1 and 1 . In this limit we approximatez ∼ 1 − v, z ∼ u and the leading term in (2.14) is given by,
In (2.16) the first term is the contribution from the identity operator exchange. We will now use (2.9) to reproduce (2.19) from the s-channel of (2.9) . In the 1 limit the OPE coefficient and its derivative can be approximated as follows,
where ψ is the digamma function. For large and n = 0 we can approximate (2.16) by,
where, operators. The integrals we need are of the following kind (see [68, 69] for similar analysis),
where the dots denote the subleading terms in v. Using this in (2.22) we get,
Thus we see that the leading behavior of t-channel in the limit v u 1 is reproduced by summing over large spin double trace operators in the s-channel of (2.9) .
The above result may seem like a mere consistency check. But it is worth noting that, just like GFF, given a primary operator O with twist τ in a LogCFT at large spin there must exist an infinite tower of primaries with twist 2τ + n where n = 0, 1, 2, . . . in order to satisfy crossing symmetry. Since this is just consequence of crossing symmetry this large spin spectrum is universal i.e. independent of particular LogCFT. In this sense, the starting point of large spin analysis for any given LogCFT should be identical to this section.
Computing the anomalous dimensions at large
In this section we will use the bootstrap equation (2.9) to compute the anomalous dimension of the large spin operators O 0, in an interacting LogCFT with the following dimension,
In order to do so we focus on the subleading corrections to (2.9) in the v u 1 limit. To compute the anomalous dimension we need to focus on the coefficient of γ 0 , u ∆ φ log u from (2.16).
At this point we assume that γ 0, has the following expansion in the 1 limit,
where the dots denote the subleading terms in . We have to determine the constant a and the independent piece γ 0 from the bootstrap equation. To extract the log u term above, we have to use the integrals (see (2.24) ). This results in the following term from (3.2),
Now we focus on the t-channel. The t-channel has an expansion controlled by the twist of the exchange operator and the subleading correction comes from the minimal twist operators O m of spin m , dimension ∆ m and twist τ m . We assume that the operator dimensions are always positive and τ m > 0. We will focus on the coefficient of log u which comes from the t channel and match it with (3.4) . We will use the following expansion for the t-channel conformal block,
At small u we have,
To obtain the log u term we will also need the expression for derivative of G(v, u) w.r.t ∆ which is given by,
A typical term in the above expression gives,
In the small u limit, the log u terms can appear from the derivative of hypergeometric pieces as follows,
Similarly for r th derivative log u dependent terms can arise from,
To collect the contribution to the coefficients of log u we need to use the integral representation of hypergeometric function, [70]),
Since u 1 we close the contour to the right hand side and pick residue from the double pole from Γ 2 (−t). It will produce two kind of terms : u 0 (non-log term) and u 0 log u (log u term). The relevant terms that can give log u terms in the t-channel are given by,
where m = p+q−r−1 from (2.12). Notice that all other terms will have (log u) 2 , (log u)(log v) etc. Here we are interested in only log u terms. For minimal twist operator exchange in tchannel,
Finally, the coefficient of log u term in the t-channel is given by, 
As long as there is no operator with negative scaling dimension in the theory, the anomalous dimension γ 0, ∼ γ 0 τm with τ m > 0 and in the strict → ∞ limit γ 0, vanishes. This suggests that cluster decomposition holds even for LogCFTs with positive scaling dimensions, which are necessarily non-unitary. In the next section we will see this has nice bulk interpretation as well. It means that two corresponding particles which are rapidly rotating in AdS space are well separated from each other.
The dual gravity picture
The expression for the anomalous dimension derived above in (3.16) is the main result of this note. Since there exists a holographic model dual to LogCFTs, it would be nice to see if the anomalous dimension can be interpreted (at least the parametric behaviour) via holography. There are some works in the literature that study dual of LogCFTs [24, 25, 71] . Here we consider a particular case of the main result, namely we consider a simplified setup where the minimal twist, τ m = 2. Consequently we can have a simple 2 dual gravity description in the bulk. In this setup we try to compute the anomalous dimension of the exchanged operator for LogCFT derived above from dual classical gravity. It is known from the literature [24, 25, 71] , dual gravitational effective theory of a LogCFT is given by some higher derivative EOM. E.g. for a rank-r LogCFT the dual scalar field in AdS satisfies the following EOM,
In this paper we focus on rank-2 multiplet and therefore the EOM
By definition Φ CFT is the solution of KG equation in AdS d+1
where ρ = π 2 is the boundary and we have taken the AdS radius to be one. We will be using global metric because the connection between fields in AdS and operators with definite scaling dimension in the CFT is more transparent in global coordinates than in Poincaŕe patch. The solution to the EOM is known [72, 73] and is given by,
.
(4.6)
Solution to the bulk EOM
To obtain Φ LCFT (which we call Φ now onward for brevity) one needs to solve the following differential equation
This is nothing but KG equation with a known source term Φ n, ,J which is the solution to the homogeneous KG equation in AdS d+1 . The standard approach to solve such an inhomogeneous partial differential equation is by using Green function method. For that we need to solve the KG equation with a delta function source 8) then integrate that solution over the known function Φ n,l,J
The bulk-to-bulk propagator (Green functions) can be written as an infinite sum over the normalizable modes using the general Green's function formula [72] 
where the normalizable modes φ n, , m (x) are known functions,
where P m,ν n (cos 2ρ) are Jacobi polynomials. From (4.4), (4.9) and (4.10) we can get the solution for (4.7) as follows,
Performing the t , ω and Ω integrals (see appendix B for details), we get
where
To obtain the solution Φ(x) one needs to compute f (ρ) by performing the m sum and ρ integral. The alternative way would be to use (4.13) as an ansatz to the differential equation (4.7), and solve for f (ρ). Pursuing the latter route we end up with the following differential equation 14) which can be solved exactly (see appendix B for details) to get the solution
Finally the full solution to (4.7) is given by,
The anomalous dimension as binding energy
Since we know the solution to the dual bulk scalar field in AdS, following [46, 48, 73] we can we can try to extract the anomalous dimension as binding energy of two-particle state.
As we have mentioned before, global AdS is very useful to have such a bulk interpretation Figure 1 . The left figure shows the bulk picture of two orbiting particles in AdS 5 . For simplicity we can effectively think of that as one 'heavy' particle is at rest at the centre of AdS and the other one orbiting around it with angular momentum orb . This amounts to the particle orbiting around AdS 5 -Schwarzschild that has been depicted in the figure at the right.
because time translations in global AdS are generated by the dilatation operator D of the dual CFT, and therefore anomalous dimensions in the CFT are equivalent to energy shifts of bulk states due to interactions. The picture works as follows. A scalar primary operator φ with dimension ∆ φ , creates a state |φ = φ|0 acting on the vacuum of the CFT. Now if φ is a single-trace operator (at large N ), then by AdS/CFT dictionary we can interpret |φ as a single-particle state in AdS. Let's consider the OPE of φ with itself,
we can interpret the operators O τ, as 2-particle states. Their anomalous dimensions are coming from the bulk interactions. Since we are focusing on large regime, the angular momentum of the two particles are very large and thus they are well separated inside AdS.
The creation operator a † nlJ acting on the bulk vacuum creates a one particle state
These states are in one-to-one correspondent to states created by a single trace operator O(0) acting at the origin of the dual CFT and its descendants.
Here we calculate the first oder shift in energy due to (Newtonian) gravitational interaction between the two rapidly orbiting particles. To simplify the computation, following [48] , we fix one of them at the center of AdS 5 4 and the other one will be moving with an effective large orbital angular momentum orb . This is equivalent to studying orbital motion of a massive particle in AdS 5 -Schwarzschild black hole (see Fig. 1 ).
with, 21) and the mass of the BH is given by,
Note that the coordinate r of this metric is related to (4.3) via the map : r = tan ρ. The wave function in r coordinate reduces to,
2 F 1 −n, n + orb + ∆; orb + 2;
We are interested in computing the energy shift of the orbiting particle due to gravitational attraction. In first oder in perturbation the shift in energy is given by,
where R(r) is the radial part of the wavefunction. We want to compute this binding energy and compare that with the anomalous dimension γ 0 given in (3.16). Therefore it will suffice if we focus on the regime : n = 0 and orb 1, where our CFT computation is valid. In this limit,
Performing the r integral we find,
Note that the formula we have is for a particle's motion around the black hole. But originally we had two particle orbiting rapidly in vacuum AdS 5 as a the dual to double-trace primary operator. Therefore we need to map back to that two particle picture. Notice that the orbit state has the same energy shift/binding energy as a primary with equal geodesic distance between the two particles,
The geodesic distance from the centre of AdS to the orbiting particle (see [48] ) is given by,
Thus we can relate the orbital angular momentum and the 'primary angular momentum' as follows,
Notice that the binding energy which is equivalent to the anomalous dimension in the LCFT side decreases like 1 2 since is large. In the → ∞ limit, δE orb → 0, which means the particles are far from each other in AdS space and therefore effectively behave as "free" particles. This is a statement of cluster decomposition of the LCFT in dual AdS language.
Conclusion
In this paper we have studied logarithmic conformal field theory using analytic bootstrap techniques in four dimensions. In particular, we studied the four point correlator of rank-2 identical logarithmic scalars. Using the bootstrap techniques we have shown how the intermediate double-trace operators in the large spin limit can reproduce the mean field theory correlator. We have computed the leading correction to the anomalous dimension of even spin rank-3 operators appearing in the OPE of two rank-2 logarithmic scalars in the large spin limit. LogCFTs are known to have holographic dual. The anomalous dimension of the double trace operators due to stress tensor exchange in four dimensions can be interpreted as the binding energy of the two particles rotating rapidly in global AdS. Our results also indicate that cluster decomposition holds (at least for large spin sector) even for certain class of non-unitary CFTs namely LogCFTs in d > 2 with no operator with negative scaling dimensions. This is an interesting feature since unitarity condition plays key role in proving cluster decomposition for ordinary CFTs. There are many interesting directions to pursue in future.
• The subleading corrections in 1/ to the anomalous dimension can be computed. This can be simplified in Mellin space following [58] . One can also take into account the higher twist double trace operators for n = 0. It would be nice to compute the anomalous dimension in the bulk side due to the exchange of higher rank stress-tensor. Moreover, the bulk and boundary analysis of rank-2 LogCFTs may be generalised to rank-r LogCFTs by incorporating higher derivative action in the dual rank-r LogCFTs. It would be interesting to repeat the analysis in general dimensions.
• In this note we have not used the mean field values of OPE coefficients a p , b p , c p for the minimal twist operators in (3.16) . Given a LogCFT one can compute these coefficients. As LogCFTs are necessarily non-unitary they can, in general, be complex numbers. This can lead to some interesting physical phenomena both in the LogCFT side and in the dual bulk picture (e.g. the energy and loci of the rotating particles).
• Probably the most physically interesting systems to study are those LogCFTs which appear in condensed matter systems. For example, it would be nice to explore the Q-state Potts model using conformal bootstrap. As we have mentioned before the large spin sectors of all these particular systems are identical and we have already analysed that in section 2 in this paper. Also, in principle, the same large spin systemics should work for computing the corresponding anomalous dimensions for all those interesting LogCFTs.
• Another interesting but somewhat different direction will be to explore other known or conjectured non-unitary CFTs (which are not necessarily LogCFTs) by the same technique. E.g. one can analytically bootstrap non-unitary N = 4 theory [74] in 4d with the gauge group U (N + k|k). This theory is said to be indistinguishable from its unitary cousin namely N = 4 SYM with gauge group SU (N ) in arbitrary orders in 1/N . Since bootstrap methods are non-perturbative one can hope to capture their difference which is expected to be O(e −N ).
We hope to return to some of these problems in future.
Note that,
Hence the term involving logz in (A.6) is subleading in v and can be ignored. Now we look at the derivatives of the 2 F 1 .
The leading term vanishes for n = 0 and this is again subleading in u. Hence, we can ignore this term as well. We will finally focus on the second line of (A.6). Using the integral representation of the hypergeometric function we get,
In order to do the integral we define a new variable s = t 1−t and rewrite the first integral as follows,
Hence this is suppressed in v and can be ignored. In the → ∞ limit,
Hence, we have
B Some details of the bulk computation
Let's start with the solution (4.12) for the differential equation (4.7),
Although we write (B.1) for arbitrary d, we will work in d = 4 in what follows. The above integration is over all coordinates i.e. t , ρ and Ω . Performing the t integral first and then the ω integral we get,
The modes φ n, , m (x) are known functions,
where P m,ν n (cos 2ρ) are Jacobi polynomials. Next we use the orthogonality of spherical harmonics (see e.g. complement A VI of [75] ) To obtain the solution Φ(x) one needs to compute f (ρ). One way would be to perform the n sum and ρ integral. Here we take an alternative approach, namely we substitute (B.5) to (4.7) as an ansatz to get the following differential equation for f (ρ), It is evident that in the limit → 0, only the imaginary part blows up, whereas the real part is independent of 7 . Thus there is a consistent prescription of extracting independent value as follows 
